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Abstract
In their 1990 classification of links up to link homotopy, Habegger and Lin prove a Markov-type
theorem saying that two string links have link homotopic closures if and only if they are related by
a sequence of conjugations and partial conjugations. In this paper we show that one can dispense
with conjugations, in the sense that any change produced by conjugation can also be produced by an
appropriately-chosen sequence of partial conjugations. We also give an interpretation of this result
in terms of the action of 2n-component string links on n-component string links used by Habegger
and Lin to prove their theorem. This interpretation suggests a canonical form for sequences of partial
conjugations. These results simplify the Habegger–Lin classification scheme, as well as the still-open
problem of classifying links up to link homotopy by means of a complete set of invariants.
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1. Overview
In [1], Habegger and Lin provide an effective procedure for distinguishing all links in S3
up to link homotopy. There are two key steps in their work. The first step gives a family of
semidirect product decompositions of the group Hn of n-component string links, and the
second step is a “Markov-type” theorem, giving a complete set of moves by which a string
link can vary without changing the link homotopy class of its closure. These moves consist
of ordinary conjugation in Hn, and partial conjugation, which amounts to conjugation in
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the normal factor of any of the aforementioned semidirect product decompositions. The
equivalence relation on Hn generated by the two different types of moves turns out to be
recursive, enabling Habegger and Lin to define an algorithm for distinguishing any two
links up to link homotopy.
It is still an open problem, however, whether a complete set of link homotopy invariants
can be defined. In [7], Milnor defines the now well-known µ¯-invariants of link homo-
topy. The µ¯-invariants consist of the pairwise linking numbers, and higher-order linking
numbers that are defined modulo an indeterminacy that depends on the lower-order link-
ing numbers. Milnor shows that the µ¯-invariants classify (up to link homotopy) links of
three or fewer components; however, it is known that the µ¯-invariants (in their original
indeterminacy) do not classify links of four or more components (see, for example, [2]).
A refinement of the µ¯-invariants by Levine [4] classifies links of up to four components,
but strong evidence is given in [2] that this refinement fails to classify links of five or more
components.
The problem of finding link homotopy invariants received renewed attention with the
introduction of finite type invariants. Because of the indeterminacy of the µ¯-invariants,
it seemed plausible that the only finite type link homotopy invariants would turn out to
be “trivial-” that is, polynomials in the pairwise linking numbers. However, Mellor and
Thurston [6] showed that non-trivial finite type link homotopy invariants must exist for
links with nine or more components. Shortly afterwards, Lin [5] actually constructed non-
trivial finite type link homotopy invariants for six-component links, using the classification
scheme given in [1]. Lin’s constructions were then generalized in [3], using ideas from [2].
The techniques used for constructing finite type link homotopy invariants gave hints
that partial conjugations alone might be sufficient for the Markov-type theorem of [1].
Both [2, Lemma 2.5] and [5, Theorem 2.7] point out that the effect of a conjugation in
Hn can be “approximated” by a sequence of partial conjugations, in the sense that both
operations have the same effect modulo certain lower central subgroups. In this paper we
show that such “approximation” can in fact be achieved exactly, with no need for passing
to lower central series quotients. That one can therefore dispense with conjugations, and
concentrate only on the operation of partial conjugation, is a considerable simplification
of the Habegger–Lin classification scheme. It also simplifies the problem of finding non-
trivial link homotopy invariants, raising hope for the eventual construction of a complete
set of link homotopy invariants.
In Section 2, we introduce basic definitions and notation, and review relevant results
from [1]. In Section 3, we prove the main result of the paper. In Section 4, we give another
approach to our result in terms of the action of H2n on Hn that Habegger and Lin use to
arrive at their Markov-type theorem, and use that approach to suggest a canonical form for
sequences of partial conjugations of string links.
2. Background
The theorems given in this section are all proved in [1].
Definition 2.1. An n-component link is a smooth or piecewise linear imbedding of n dis-
joint, oriented circles in S3. Two links are link homotopic (or simply homotopic in the
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original terminology of [7]) if there is a smooth homotopy between them, during which the
images of distinct components remain disjoint.
Let D denote the unit disk in the plane, I = [0,1] the unit interval, {p1, . . . , pn} a set
of distinct points on the horizontal axis of D, and
∐n
i=1 Ii the disjoint union of n copies Ii
of I .
Definition 2.2. A string link is a smooth or piecewise linear proper imbedding
σ :
n∐
i=1
Ii → D × I
such that σ |Ii (0) = pi × 0 and σ |Ii (1) = pi × 1.
Note that string links are like pure braids without the usual monotonicity condition.
We use the standard closure operation to obtain links from string links.
Definition 2.3. The closure of a string link λ is a link λˆ formed by identifying points of
∂(D × I) with their images under projection D × I → D.
Since there is no monotonicity condition on string links, it is immediately clear that
every link is the closure of some string link.
Link homotopy of string links is defined as it is for links, with the additional requirement
that the endpoints of the strings be kept fixed.
Theorem 2.4 (Habegger–Lin). The set of link homotopy classes of n-component string
links forms a group Hn, with multiplication given by stacking and inverses given by re-
flecting. Every string link is link homotopic to a pure braid.
The structure of Hn is given in terms of reduced free groups.
Definition 2.5. The reduced free group RFn on generators x1, . . . , xn is the free group on
those generators modulo relations that say each generator commutes with its own conju-
gates.
The following is a useful characterization of the group of string links.
Theorem 2.6 (Habegger–Lin). Hn is isomorphic to the group of automorphisms of RFn
that send each generator to a conjugate of itself, and preserve the product x1 · · ·xn.
For 1  i  n, there are monomorphisms RFn−1 → RFn and Hn−1 → Hn given by
adjoining a generator or string in the ith position, and renumbering the other generators or
strings appropriately. Denote the images of these monomorphisms by RFn(i) and Hn(i),
respectively. Deleting the ith generator or ith string from RFn or Hn, respectively, gives
projection homomorphisms RFn → RFn(i) and Hn →Hn(i).
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Let Cn(i) denote the kernel of the projectionHn →Hn(i) (so Cn(i) consists of all string
links that become link-homotopically trivial when the ith string is deleted). If a string link
σ is in Cn(i), we say that σ is i-combable. The short exact sequence 1 → Cn(i) ↪→Hn →
Hn(i) → 1 splits in the obvious way, leading to the following theorem giving a family of
semidirect product decompositions of Hn.
Theorem 2.7 (Habegger–Lin). For 1 i  n, we have Cn(i) ∼= RFn(i), andHn ∼=Hn(i)
Cn(i).
Remark. The action of Hn(i) on Cn(i) that defines the semidirect product is obtained by
considering string links as automorphisms of reduced free groups.
For λ ∈Hn, write λ = λ⊥i λi for the factorization of λ corresponding to the decomposi-
tion Hn ∼=Hn(i) Cn(i) (so λ⊥i ∈Hn(i) and λi ∈ Cn(i); we refer to λi as the i-combable
part of λ).
Definition 2.8. For λ ∈Hn and σi ∈ Cn(i), where 1 i  n, define the partial conjugation
of the ith string of λ by σi to be λ⊥i σiλiσ
−1
i .
We are now ready to state the Markov-type theorem of [1].
Theorem 2.9 (Habegger–Lin). Two string links λ and λ′ have link homotopic closures if
and only if λ and λ′ are related by a sequence of conjugations and partial conjugations.
3. Main theorem
We begin with some facts that facilitate computation in Hn.
Lemma 3.1. Cn(i) ∩ Cn(j) is Abelian.
Proof. Under the isomorphism of Cn(i) with RFn(i), Cn(i)∩ Cn(j) corresponds to the nor-
mal subgroup Nj(i) of RFn(i) normally generated by xj . But Nj(i) consists of products
of conjugates of xj , which commute with each other in RFn(i). 
It follows from Theorem 2.4 that Hn is generated by link homotopy classes of the pure
braids σij , 1 i < j  n, where σij is the pure braid in which the ith component links the
j th component once positively, and all other components are trivial (see Fig. 1). Note that
σij ∈ Cn(i) ∩ Cn(j), so σij commutes with any string link that is both i- and j -combable.
In particular, we have
Lemma 3.2. For any λ ∈Hn, (λi)j commutes with any conjugate of σij .
The following facts are geometrically clear.
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Lemma 3.3. For 1 i < j  n,
(i) (λ⊥i )⊥j commutes with σij ;
(ii) (λ⊥i )⊥j = (λ⊥j )⊥i ; and
(iii) (λi)⊥j = (λ⊥j )i .
We are now ready to prove our main result.
Theorem 3.4. Let λ ∈ Hn. Then any conjugate of λ can be produced by a sequence of
partial conjugations of λ.
Proof. It suffices to show that for λ ∈Hn, σij λσ−1ij can be produced by partial conjuga-
tions of λ.
First note that, using the facts given above, we have
σij λ
⊥
j = λ⊥j
(
λ⊥j
)−1
σij λ
⊥
j
= λ⊥j
((
λ⊥j
)
i
)−1((
λ⊥j
)⊥
i
)−1
σij
(
λ⊥j
)⊥
i
(
λ⊥j
)
i
(by the decomposition given in Theorem 2.7)
= λ⊥j
(
(λi)
⊥
j
)−1
σij (λi)
⊥
j
(by Lemma 3.3, parts (i) and (iii))
= λ⊥j (λi)−1j
(
(λi)
⊥
j
)−1
σij (λi)
⊥
j (λi)j
(since, by Lemma 3.2, (λi)j commutes with all conjugates of σij )
= λ⊥j λ−1i σij λi .
Hence
σij λσ
−1
ij = σij λ⊥j λjσ−1ij = λ⊥j λ−1i σij λiλj σ−1ij .
We will now show that λ⊥j λ
−1
i σij λiλjσ
−1
ij is the result of first partially conjugating the
ith string of λ by σij , and then partially conjugating the j th string by σij λ−1j .
Partially conjugating the ith string of λ by σij yields λ⊥i σij λiσ−1ij = λ[λ−1i , σij ].
Since [λ−1i , σij ] ∈ Cn(j) ∩ Cn(i), the result of then partially conjugating the j th string
by σij λ−1j is
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λ⊥j σij λ
−1λj
[
λ−1, σij
]
λjσ
−1
j i ij
= λ⊥j σij
[
λ−1i , σij
]
λjσ
−1
ij
= λ⊥j
[
λ−1i , σij
]
σij λj σ
−1
ij
(since, because σij commutes with its own conjugates, σij commutes with [λ−1i , σij ])
= λ⊥j λ−1i σij λiλjσ−1ij
(by cancellation of words). 
Remark. The sequence of partial conjugations needed to produce the effect of conjugating
λ by σij depends on λ. Thus we have not shown that the group generated by conjugations
and partial conjugations can be generated by partial conjugations alone. Rather, we have
shown that the group of partial conjugations, when acting onHn, has the same set of orbits
as the group of conjugations and partial conjugations. We will make this distinction more
explicit in the next section.
4. Interpretation in terms of action ofH2n onHn
Theorem 2.9 arises in [1] from an action of H2n on Hn, described as follows. Let Σ ∈
H2n and σ ∈Hn. Number the first n strings of Σ n¯, . . . , 2¯, 1¯ in that order, and orient them
downward. Number the last n strings of Σ 1,2, . . . , n, and orient them upward. Number
the strings of σ 1,2, . . . , n as usual. Bend σ into a semicircle above Σ , then identify the
starting points of strings 1,2, . . . , n of σ with the ending points of strings 1,2, . . . , n of Σ ,
and identify the ending points of strings 1,2, . . . , n of σ with the starting points of strings
1¯, 2¯, . . . , n¯ of Σ , respectively. Define Σ · σ to be the result of the above identifications,
considered as a single n-string link with starting points corresponding to the starting points
of strings 1,2, . . . , n of the original Σ , and ending points corresponding to the ending
points of strings 1¯, 2¯, . . . , n¯ of the original Σ . (See Fig. 2. A more formal definition of this
action is given in [1].)
Fig. 2. Action ofH2n onHn; here Σ = (x¯j , x¯j ) ∈Kn(i).
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Let Sn ⊂H2n be the stabilizer of the identity string link in Hn. Habegger and Lin prove
in [1] that two string links α and β in Hn have link homotopic closures if and only if there
exists a Σ ∈ Sn such that α = Σ · β . In studying the action of H2n on Hn, they note that
one might as well work with the quotient H∗2n of H2n defined by adding relations saying
that the ith and i¯th strings can pass through one another, for 1 i  n. To find generators
for the image S∗n of Sn inH∗2n, Habegger and Lin decomposeH∗2n in a way similar to Theo-
rem 2.7, except that both the i¯th and the ith strings are deleted to obtain the decomposition
H∗2n ∼=H∗2n−2  (RF∗2n(i¯, i) × RF∗2n(i¯, i)), where RF∗2n(i¯, i) is the quotient of the reduced
free group on the generators x¯1, . . . , x¯n, x1, . . . , xn with x¯i and xi deleted, modulo relations
saying that x¯j and xj commute with each other’s conjugates (as well as their own). (It is
important to note that, when using the orientation convention specified above for strings in
H2n, the elements xj and x¯j in the first factor of the direct product (RF∗2n(i¯, i)×RF∗2n(i¯, i))
actually correspond to inverses of generators σij , while elements xj and x¯j in the second
factor correspond to generators σij .) Denote by Kn(i) the normal factor in the correspond-
ing decomposition of S∗n . Habegger and Lin prove that Kn(i) ⊂ (RF∗2n(i¯, i) × RF∗2n(i¯, i))
is generated by elements of the form (x¯j , xj ), (x¯j , x¯j ), and (xj , xj ) (see Figs. 3, 4, and 5,
respectively). These correspond respectively to conjugation by σij , partial conjugation of
the ith string by σij , and partial conjugation of the ith string by (λ⊥i )−1σij λ⊥i , where λ is
the element of Hn being acted upon. Thus, for a given λ ∈Hn the effect of (xj , xj ) on λ
can be achieved by a product of elements of the form (x¯k, x¯k). Such a product, though, will
Fig. 3. (x¯j , xj ) ∈ (RF∗2n(i¯, i) × RF∗2n(i¯, i)).
Fig. 4. (x¯j , x¯j ) ∈ (RF∗2n(i¯, i) × RF∗2n(i¯, i)).
Fig. 5. (xj , xj ) ∈ (RF∗2n(i¯, i) × RF∗2n(i¯, i)).
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depend on λ, so dispensing with (xj , xj ) changes the acting group but not the orbits (see
the Remark at the end of the previous section).
Now, note that (x¯j x−1j ,1) ∈ Kn(i), and this element is in fact (x¯i , x¯i) in Kn(j) and
hence corresponds to partial conjugation of the j th string by σij . (Note that x−1j in the first
factor becomes x¯i in the second factor because of the orientation convention mentioned
above.) Furthermore, since (x¯j , xj ) = (x¯j x−1j ,1)(xj , xj ), it is now clear how conjugation
can be produced by partial conjugations on the level of the acting group S∗. In fact the
action of (x¯j x−1j ,1)(xj , xj ) on λ is in essence the same sequence of partial conjugations
that is given explicitly in the above proof of Theorem 3.4. Thus, we have produced an
alternative proof of Theorem 3.4 by showing that the subgroup of S∗n generated by elements
of the form (x¯j , x¯j ) in Kn(i) for 1 i  n produces the same orbits in Hn as S∗n .
In closing, we note that the decomposition S∗n ∼= S∗n−1Kn(i) can be iterated, suggest-
ing a canonical form for sequences of partial conjugations. Specifically, we have
S∗n ∼=
(· · ·((K2(2)K3(3)
)
K4(4)
)
 · · ·)×Kn(n)
so any element of S∗n can be uniquely factored into a product ρ2ρ3 · · ·ρn, where ρi ∈Ki (i).
Each ρi consists of partial conjugations of the ith string by strings of lower index, and par-
tial conjugations of strings of lower index by i-combable string links. It is possible that
such a factorization could be used to obtain explicit, complete sets of link homotopy in-
variants in their true indeterminacy for links with a specified number of components. (This
has previously been done using other means for 3-component links in [7], and 4-component
links in [4], but not for five or more components.)
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